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A NOTE ON DEGENERATE APOSTOL-BERNOULLI
NUMBERS AND POLYNOMIALS

GWAN-WOO JANG, HYUCK-IN KWON, AND TAEKYUN KIM

ABSTRACT. In this paper, we consider the degenerate Apostol-Bernoulli
numbers and polynomials due to L. Carlitz. and we investigate some prop-
erties for these numbers and polynomials

1. Introduction

As is well known, the Bernoulli polynomials are defined by the generating
function to be
oo

et = ZBn(x)g, (see [1 — 11]). (1.1)

n=0

t
et —1

When z = 0, B,, = B,(0), (n > 0) are called the Bernoulli numbers. From (1.1),
we note that

1, ifn=1
B+1)"—B,=<{" and By = 1, 1.2
( ) {0, ifn>1, 0 (12)
with the usual convention about replacing B™ by B,,. It is not difficult to show
that
Bn(z) = l; (7) Bia"!,  (see [11)). (1.3)

It is well known that the Bernoulli polynomials of the second kind are given by
the generating function to be

tn
'7

= (see [11]). (1.4)

t I
mu +1)* = nzzobn(x)
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When z = 0, b, = b,(0), are called the Bernoulli numbers of the second kind.
In [4,5], L. Carlitz Introduced the degenerate Bernoulli polynomials which are
given by the generating function to be

! (14 At) )‘_Zﬁn)\ tn (1.5)

(1+ )\t)% -1 — n!’

When = 0, 8,,» = Bn,1(0), are called the degenerate Bernoulli numbers. It is
not difficult to show that

i = B,(z), (n >0).
}\liiloﬁn,k Bn(‘L)s (” el 0) (16)
From (1.5), we note that
> tn t .
Z B,M(a:)—' =———(1+X)*
o n!

- y - - (1.7)
= Zﬂl)‘ll (Z(m/\)m |>
=0 m=0
= (Z (Jﬂl Ney- l) G
n=0 \1=0
where (z|\)o =1, (z|\)n =2z(x = A) -+ (z — (n — 1)A), (n > 1). Thus, by (1.7),
we get
Bal@) =" ( )ﬁu z|N)n_1, (n >0). (1.8)
1=0
By (1.5), we easily get
d—1
a 1 a
;(HAW - m(u“tp 71), (d € N). (1.9)
Thus, by (1.9), we have
= (A o1 t 4 t
T;) (;(ap\)n) m - E{(l—}-)\t)% _1(1+)\t) - (1—|—)\t)% _1} (1 10)

i Brtia(d) = oy | t"
n+1 n!’

n=0
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From (1.10), we have

d—1

Z( |\ = Br+1, (d)*ﬁnﬂ,)\7 (1.11)

= n+1

where d € N and n > 0. For w(# 1), the Apostol-Bernoulli polynomials are
defined by the generating function to be

n

=iB"’“’(x)ﬁ’ (see [1 — 3,6 — 10]). (1.12)
n=0 :

When z = 0, By, = By, (0) are called the Apostol-Bernoulli numbers. From
(1.12), we note that

o
tn
t= t_l an_
(we' =1) ) By, ]

n=0

oo n (1'13)
t'n,
Z ( Z( >Blenw> e
) nl
= 1=0
By comparing the coefficients on the both sides of (1.13), we get
0, ifn=0
wz< )Blw* naw — ].7 ifn=1 (114)
0, ifn>1.

From (1.14), we note that By ,, = 0 = By (z). In this paper, we consider the
degenerate Apostol-Bernoulli numbers and polynomials due to L. Carlitz. and
we investigate some properties for those numbers and polynomials.

2. Degenerate Apostol-Bernoulli polynomials

For \,w € R with w # 1, we consider the degenerate Apostol-Bernoulli
polynomials which are defined by the generating function to be

- 1+>\f% o ( . 2.1
w(l+ )% —1 Zﬂ . ! @1)
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Note that limy_,g Bn x 0 (%) = Bpw(x), (n > 0). When 2 =0, By xw = Bnrw(0)
are called the degenerate Apostol-Bernoulli numbers. From (2.1), we note that

<§:5Mw >< 1+/\f)%—)
>

< LA w T )( Z(1|)\) %—1)
= m=0

0
> ( ﬁuwumn l—ﬁmu> %

n=0

Comparing the coefficients on the both sides of (2.2), we have

0, ifn=0
wZ( )/ﬁ)w UN)n—t = Bapw =<1, ifn=1

[e=)

v (2.3), we easily get

0

whoxw — Borw =0 — Borw=—==0.
w—1

For n = 1, we have

=0

Thus, by (2.5), we get 81 a0 =

1
w—1

2
O—wz (l>ﬁz,\u LA)2-1 = B2, w

= 2U’ﬁ1 2w FwB2 a0 — B2 xw

2w
= +(w_1)ﬁ2)\w
w—1

From (2.6), we have

, ifn>1.

1
z ( )/31 Aw 1|)\) -1~ /jl,A,u' = wﬁl,)\,ur - /31,)\,ur~

. Let n = 2. Then, by (2.3), we get

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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For n = 3, we have

3
3
O=w)_ ( l>/3l,x,w(1\)\)3—z ~ Boamw
=0

= 3wP1,nw(1IA)2 + 3wz x w(LA)1 + 36330 — B3, a0

3w 6w?
= — 1—
w—l( A) +

w-12 + (w = 1)B3,x0-

By (2.8), we get

5 ay = — 1 — )\ — "
Banu (w— 1)2( ) (w—1)3
Now, we observe that

> tn t
Bpaw(@)— = —————— (1 + X)N
Z/ n,)\,w( )TL! w(1—+—)\z‘)1T — 1( )

= tl - 5 mam
(G (E0)

g l i m
= (Z 6lA,w%> (Z ('L‘/\)m%>

0 m=0
0o n n m
= Z < <l>ﬁl,/\,w(-/lf‘/\)n—l> m
=0

By comparing the coefficients on the both sides of (2.10), we get

n=0

ﬁn,/\,u:(w) = Z (7;> ﬁl,A,w(wp\)n—la (TL > O)-

=0

Note that

)1\13%J Bn,)\,w(w)

Il
3
Y
S
N~~~
oy
'
S
3
|
Pd
B
=
N
—
3
\Y
(e
S~—

(2.8)

(2.9)

(2.10)

(2.11)
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From (2.1), we note that

n

> t
Z {“’/gn,k,w(x + 1) - ﬁn)\,w ('L')} m

n=0

t
w(l + M) w4+ a)F -1
t

— T 1(1 + 0% (w(1 + )% 1)

> tn
=1(1 N =t € n—
(1+ A1) ;(M) ,

>

Since Bo xw = Boxw(z) = 0. By (2.12), we get

= 1 t"
Z(lp\)nm = ; Z {wﬁn)\,w(flf + 1) - Bn,)\,w(w)} m
=0 : n=0 :
— Z wﬁn-&—l Aw 1‘ + 1) ﬁn—&-l,)\,w (-75) ﬁ
n+1 n!’

Comparing the coefficients on the both sides of (2.13), we have

1
([A)n = ) (Whntr1xw(®@+1) = Buriaw(®)), (n>0).

Now, we observe that

> " t
B g1 (—)— = - 1 A)X
n;o/ w1 ( )n! w—l(l—)\t)—X—l( )
t
= (1= At) >
1—w(l—=X)x
—t st
oD
w(l —At)x — 1
- !Ltn
=w)_ Burwlz+1)(=1)"—.
n=0

(L4 At)*

(2.12)

(2.13)

(2.14)

(2.15)

By comparing the coefficients on the both sides of (2.15), we obtain the following

equation:

(_1)7Ls37l,—)\,w‘1 (_‘L) = wﬂn,)\,w(w + 1)7 (TL > 0)-

(2.16)
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For d € N, we have

t

— (4 M= w1—|—)\t
w(1+)\t)T—1( ) (1—i—)\t)x—1Z
d—1 . _
= (14 )
= wi(l4+A)x -1
(2.17)
1 A o dite
= 1+ gdt)> @
d7:0“’ *dt)%f (Lt adi>
_ = n—1 i T+ "
- z (55
From (2.1) and (1.13), we can derive the following equations (2.18):
a x4
/ _ gn—1 i
Bsu(@) = d ;w Buy i (o )s (dEN, n>0). (2.18)
v (2.1), we get
d-1 1
a d
L+ a)Suwt = ——— — ((1+M)Fw? -1
a0t = e (e wtet )
1 t t
iy {wd—lu ot
t w(l+ A)x — 1 w(l+A)x —1
(e i (2.19)
= ? {ZO (wdﬁn,/\w(d) - ﬁn,)\,w) m}
_ i {wd/8n,+l,)\,w (d) - 571+1,>\,w } ﬁ
= n+1 n!
It is not difficult to show that
d—1
> 1+ M) Rw = Zw Z ( ))\"t”
a=0
- . (2.20)
n=0 a= O :
Therefore, by (2.19) and (2.20), we obtain the following equation (2.21).
d—1 1
> (@l)ne® = —{w B aw(d) ~ Brernw - (2:21)

a=0
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where n > 0 and d € N. For n > 0, the stirling number of the first kind is
defined as

(x)n = Z Sl (nv l)xl) (222)
1=0
and the stirling number of the second kind is defined by
1=0

where (z)g = 1, (z)p, = z(xz —1)---(z — n+ 1), (n > 1). By replacing t by
+(eM = 1) in (2.1), we get

00 1/ Mt 1
Zﬁm)\w m(@”*l)mZ 4)\(€t )e'”
m! wet — 1
m=0
1 1 1 t t
_ (A+z)t _ zt) _ (A+z)t _ xt
/\wet—l(e ¢ ) At (wet—le wet —1° )
1 & t" 1= [ Bniiw(@+ ) = Burrw(x) t*
(2.24)
Note that
- —m 1 7’L m
mzzoﬁmﬁx,w(x))\ m(() = mzo Brmaw(@)A™ 7;L Sa(n m))\ —
o0 tn
Z Z A8 (1, ) B aw ()
n=0 \m=0
(2.25)

Thus, by (2.24) and (2.25), we get

1

— (Bn+1,w(:v ) - Bn+1’w(x)) = 3 NS (0, 1) B (@), (2.26)

m=0
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where n > 0. From (2.1), we have

oo

n t ®
nzz:u/fn,,\,u( ) wl+M)F = 1( )
btz
we% log(1+Xt) _ 1
1
_ M —log( +/\t) o & log(1+ A1)
log(1+ At) ) \wex loe(1+xt) _

oo

3 Bl,w(x)lllxl (tos(1 + At))l
=0 :

(i Biu(z)A™! i Si(m, l)%tm (2.27)
=0 m=l .

oo m m

t
2y ym—l ; .
Z ;Bhw(x))\ S1(m, 1) o

0
) i (i iBl,’w(l'))\m_lsl (TYLJ)bn—m,)\"—nl <':;L> :'L_,;

n=0 \m=0 [=0
S n m 4
= Z Z Z ( ))\n_lBl,u)(w)Sl(WLal)bn—m E
n=0 \m=0 (=0

Comparing the coefficients on the both sides of (2.27), we have

Bn A w Z Z ( >)\n_lBlﬂﬂ($)Sl (7n7 l)bn—my (228)

m=0 [=0
where n > 0.
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